
Isosurfacesand Level-SetSurfaceModels

RossT. Whitak er
Scientific Computing and Imaging Institute

Schoolof Computing
University of Utah

1 Intr oduction

1.1 Moti vation

This chapteraddressesmechanismsfor analyzingandprocessingvolumesin a way that dealsspecificallywith iso-
surfaces. Theunderlyingphilosophyis to useisosurfacesasa modelingtechnologythat canserve asan alternative
to parameterizedmodelsfor a variety of importantapplicationsin visualizationandcomputergraphics.This paper
presentsthemathematicsandnumericaltechniquesfor describingthegeometryof isosurfacesandmanipulatingtheir
shapesin prescribedways. We startwith a basicintroductioninto the notationandfundamentalconceptsandthen
presentsthegeometryof isosurfaces.We describethemethodof level sets,i.e., moving isosurfaces,andpresentthe
mathematicalandnumericalmethodsthey entail.Thispaperconcludeswith someapplicationexamplesanddescribes
VISPACK, aC++, object-orientedlibrary theperformsvolumeprocessingandlevel-setmodeling.

1.2 Isosurfaces

1.2.1 Modeling SurfacesWith Volumes

Whenconsideringsurfacemodelsfor graphicsandvisualization,one is facedwith a staggeringvariety of options
including meshes,spline-basedpatches,constructive solid geometry, implicit blobs, and particle systems. These
optionscanbedividedinto two basicclasses— explicit (parameterized)modelsandimplicit models.With animplicit
model,onespecifiesthemodelasa level setof ascalarfunction,����� ���� 	
���
���� � � (1)

where
����� 	��

is thedomainof thevolume(andtherangeof thesurfacemodel).Thus,asurface� is

������� � �"! �$#%� �'&%( (2)

Thechoiceof � is arbitrary, and
�

is sometimescalledtheembedding. Noticethatsurfacesdefinedin this way divide�
into aclearinsideandoutside—suchsurfacesarealwaysclosedwherever they do not intersecttheboundaryof the

domain.
Choosingthis implicit strategy begs the questionof how to represent

�
. Historically, implicit modelsarerepre-

sentedusinglinearcombinationsof basisfunctions.Thesebasisor potentialfunctionsusuallyhaveseveraldegreesof
freedomincluding3D position,size,andorientation.By combiningthesefunctions,onecancreatecomplex objects.
Typical modelsmight containseveralhundredto severalthousandsof suchprimitives.This is thestrategy behindthe
“blobby” modelsproposedby Blinn [1].

While suchan implicit modelingstrategy offers a variety of new modelingtools, it hassomelimitations. In
particular, theglobalnatureof thepotentialfunctionslimits onesability to modellocal surfacedeformations.Consider
apoint �*)+� where� is thelevel surfaceassociatedwith amodel

� �-,/.10 . , and 0 . is oneof theindividualpotential
functionsthat comprisethatmodel. Supposeonewishesto move the surfaceat the point � in a way thatmaintains
continuity with the surroundingneighborhood.With multiple, global basisfunctionsonemustdecidewhich basis
function or combinationof basisfunctionsto alter and at the sametime control the effects on other partsof the
surface.Theproblemis generallyill posed— therearemany waysto adjustthebasisfunctionssothat � will movein
thedesireddirectionandyet it maybeimpossibleto eliminatetheeffectsof thosemovementson otherdisjoint parts
of the surface. Theseproblemscanbe overcome,however they usuallyentail heuristicsthat tie the behavior of the
surfacedeformationto thechoiceof representation[2].
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Figure1: A volumecanbeconsideredasanimplicit modelwith a largenumberof localbasisfunctions.

An alternative to usinga smallnumberof global basisfunctionsis to usea relatively largenumberof local basis
functions. This is theprinciplebehindusinga volumeasan implicit model. A volumeis a discretesamplingof the
embedding

�
. It is alsoanimplicit modelwith a very largenumberof basisfunctions,asshown in Figure1. Thetotal

numberof basisfunctionsis fixed,asaretheirpositions(grid points)andextent.Onecanchangeonly themagnitudeof
eachbasisfunction,i.e.,eachbasisfunctionhasonly onedegreeof freedom.A typicalvolumeof size 24315�672�315 682�395
containsover a million suchbasisfunctions.Theshapeof eachbasisfunction is opento interpretation— it depends
on how one interpolatesthe valuesbetweenthe grid points. A trilinear interpolation,for instance,implies a basis
functionthatis apiece-wisecubicpolynomialwith avalueof oneat thegrid pointandzeroatneighboringgrid points.
Anotheradvantageof usingvolumesasimplicit models,is that for thepurposesof analysiswe cantreatthevolume
asa continuousfunction whosevaluescanbe setat eachpoint accordingto the application. Oncethe continuous
analysisis completewecanmapthealgorithminto thediscretedomainusingstandardmethodsof numericalanalysis.
Thesectionsthatfollow discusshow to computethegeometryof surfacesthatarerepresentedasvolumesandhow to
manipulatetheshapesof thosesurfacesby changingthegray-scalevaluesin thevolume.

1.2.2 IsosurfaceExtraction and Visualization

This paperaddressesthequestionof how to usevolumesassurfacemodels.Dependingon theapplication,however,
a 3D grid of data(i.e. a volume) may not be a suitablemodel representation.For instance,if the goal is make
measurementsof anobjector visualizeits shape,anexplicit modelmight benecessary. In suchcasesit is beneficial
to convertbetweenvolumesandothermodelingtechnologies.

For instance,theliteratureproposesseveralmethodsfor scanconvertingpolygonalmeshesor solidmodels[3, 4].
Likewiseavarietyof methodsexist for extractingparametricmodelsof isosurfacesfrom volumes.Themostprevalent
methodis to locateisosurfacecrossingsalonggrid linesin a volume(betweenvoxelsalongthe3 cardinaldirections)
andthento link thesepointstogetherto form trianglesandmeshes.This is thestrategy of “marchingcubes”[5] and
otherrelatedapproaches.However, extractinga parametricsurfaceis not essentialfor visualization,anda varietyof
directmethods[6, 7] arenow computationallyfeasibleandarguablysuperiorin quality. Thischapterdoesnotaddress



theissueof extractingor renderingisosurfaces,but ratherstudiesthegeometryof isosurfacesandhow to manipulate
themdirectlyby changingthegrey-scalevaluesin theunderlyingvolume.Thus,weproposevolumesasamechanism
for studyinganddeformingsurfaces,regardlessof theultimateform of theoutput.Their aremany waysof rendering
or visualizingthemandandthesetechniquesarebeyondthescopeof this discussion.

2 SurfaceNormals

Thesurfacenormalof anisosurfaceis givenby thenormalizedgradientvector. Typically, weidentify asurfacenormal
with a point in thevolumedomain : . Thatis; ! �%#%� < �"! �%#� < �"! �%#=� where �*)�: ( (3)

Theconventionregardingthedirectionof this vectoris arbitrary;thenegative of thenormalizedgradientmagnitude
is alsonormalto theisosurface.Thegradientvectorpointstowardthatsideof theisosurfacewhich hasgreatervalues
(i.e. brighter).Whenrendering,theconventionis to useoutward pointingnormals,andthesignof thegradientmustbe
adjustedaccordingly. However, for mostapplicationsany consistentchoiceof normalvectorwill suffice. Onadiscrete
grid, onemustalsodecidehow to approximatethegradientvector(i.e.,first partialderivatives).In many casescentral
differenceswill suffice. However, in thepresenceof noise,especiallywhenvolumerendering,it is sometimeshelpful
to computefirst derivativesusingsomesmoothingfilter (e.g.,convolution with a Gaussian).Whenusingthenormal
vectorto solve certainkinds of partial differentialequations,it is sometimesnecessaryto approximatethe gradient
vectorwith discrete,one-sideddifferences,asdiscussedin successivesections.

Note thata singlevolumecontainsfamiliesnestedisosurfaces,arrangedlike the layersof anonion. We specific
thenormalto anisosurfaceasa functionof thepositionwithin thevolume.Thatis, ; ! �%# is thenormalof the(single)
isosurfacethatpassesthroughthepoint � . The � valueassociatedwith thatisosurfaceis

�"! �%# .
3 Second-OrderStructure

In differentialgeometricterms,thesecond-orderstructureof asurfaceis characterizedby aquadraticpatchthatshares
first- andsecond-ordercontactwith the surfaceat a point (i.e., tangentplaneandosculatingcircles). The principal
directionsof thesurfacearethoseassociatedwith thequadraticapproximation,andtheprincipal curvatures, �?>9�@�BA ,
arethecurvaturesin thosedirections.

Thesecond-structureof the isosurfacecanbecomputedfrom thefirst- andsecond-orderstructureof theembed-
ding,

�
. All of the isosurfaceshapeinformationis containedfield of normalsgivenby ; ! �%# . The CD6EC matrix of

derivativesof this vector, F ��GIH ; J�; KI; LNM (4)

describesthesecond-orderstructureof thesurface.This matrix has(typically) ranktwo, andthetwo nonzeroeigen-
valuesof thismatrix give theprinciplecurvatures.Thatis,O > � � > ��O A � � A �PO � �/Q ( (5)

Themeancurvature is themeanof thetwo principalcurvatures,which is onehalf of thetraceof
F ! �%# [8]:R � � >%S � A3 � 23 T�U !WV #� � AJ !W� KXK S � L@L # S � AK !Y� JNJ S � L@L # S � AL !W� JNJ S � KXK #"GI3 � J � K � J4K GI3 � J � L � J4L GZ3 � K � L � KXL3 !W� AJ S � AK S � AL # �P[ A (6)

TheGaussiancurvature is theproductof theprincipalcurvatures:\ � �?>=�]A � O9>XO�A S O1>^O � S O�A=O � �/3 T_U !`V # A G 23 �a� V �b� (7)

�
� AL !W� JNJ � KXK G � J4K � J4K # S � AK !W� JNJ � LPL G � J4L � J4L # S � AJ !W� KXK � L@L G � KXL � K=L #S 3 !Y� J � K !W� JNL � KXL G � J4K � L@L # S � J � L !W� JNK � KXL G � J4L � KXK # S � K � L !W� JNK � J4L G � KXL � J4J #�#!W� AJ S � AK S � AL # A (



Thetotalcurvature,alsocalledthedeviationfromflatness,: , is therootsumof squaresof thetwo principalcurvatures,
which is theEuclideannormof thematrix

F
.

Notice, thesemeasuresexist at every point in
�

, andat eachpoint they describethe geometryof the particular
isosurfacethat passesthroughthat point. All of thesequantitiescanbe computedon a discretevolumeusingfinite
differences,asdescribedin successivesections.

4 Deformable Surfaces

This sectionbegins with mathematicsfor describingsurfacedeformationson parametricmodels. The result is an
evolution equationfor a surface. Eachof the termsin this evolution equationcanbe re-expressedin a way that is
independentof theparameterization.Finally, theevolutionequationfor aparametricsurfacegivesriseto anevolution
equation(differentialequation)on a volume,whichencodestheshapeof thatsurfaceasa level set.

4.1 SurfaceDeformation

A regularsurface� �c� 	d� is a collectionof pointsin 3D thatcanbeberepresentedlocally asa continuousfunction.
In geometricmodelinga surfaceis typically representedasa two-parameterobjectin a three-dimensionalspace,i.e.,
a surfaceis local amappinge : e ��f 6 fI�� � 	 �g h 
_��
���� � (8)

where
f 6 fi� 	 A , and the bold notationrefersspecificallyto a parameterizedsurface(vector-valuedfunction). A

deformablesurfaceexhibits somemotion over time. Thus e��je ! g9�Ph]��k # , where k ) � 	�l
. We assumesecond-

order-continuous,orientablesurfaces;thereforeat every point on the surface(and in time) thereis surfacenormalm � m ! g9�Ph]��k # . We use�on to referto theentiresetof pointson thesurface.
Local deformationsof e canbe describedby an evolution equation,i.e., a differentialequationon e that incor-

poratesthepositionof thesurface,local andglobalshapeproperties,andresponsesto otherforcing functions. That
is, p ep k �-q ! e � e r � eds � e r�r � e r@s � edsts �=(N(=( # � (9)

wherethesubscriptsrepresentpartialderivativeswith respectto thoseparameters.Theevolutionof e canbedescribed
by asumof termsthatdependson boththegeometryof e andtheinfluenceof otherfunctionsor data.

Therearea variety of differentialexpressionsthat canbe combinedfor differentapplications.For instance,the
modelcouldmovein responseto somedirectional“forcing” function[9, 10], u �v������ 	��

, thatisp ep k �/u ! e�# ( (10)

Alternatively, thesurfacecouldexpandandcontractwith a spatially-varyingspeed.For instance,p ep k �xw ! e�# m (11)

where w �?� 	 � ��y� 	
is a signedspeedfunction. Theevolution might alsodependon thesurfacegeometryitself. For

instance, p ep k �ze rPr S e sts (12)

describesa surfacethat movesin way that is becomesmoresmoothwith respectto its own parameterization.This
motioncanbecombinedwith themotionof Equation10 to producea modelthat is pushedby a forcing functionbut
maintainsa certainsmoothnessin its shapeandparameterization.Therearemyriad termsthat dependon both the
differentialgeometryof thesurfaceandoutsideforcesor functionsto controltheevolutionof a surface.



Figure2: Level-setmodelsrepresentcurvesandsurfacesimplicitly usinggreyscaleimages:a)anellipseis represented
asthelevel setof animage,b) to changetheshapewemodify thegreyscalevaluesof theimage.

5 Deformation: The Level SetApproach

Themethodof level-sets,proposedby OsherandSethian[11] anddescribedextensively in [8], providesthemathe-
maticalandnumericalmechanismsfor computingsurfacedeformationsastime-varyingiso-valuesof

�
by solvinga

partialdifferentialequationon the3D grid. Thatis, thelevel-setformulationprovidesa setof numericalmethodsthat
describehow to manipulatethegreyscalevaluesin avolume,sothattheisosurfacesof

�
movein aprescribedmanner

(shown in Figure2).
We denotethemovementof a point on a surfaceasit deformsas {|�~}9{ k , andwe assumethat this motioncanbe

expressedin termsof the positionof ��) �
andthe geometryof the surfaceat that point. In this case,thereare

generallytwo optionsfor representingsuchsurfacemovementsimplicitly:

Static: A single,static
�"! �~# containsa family of level setscorrespondingto surfacesasdifferenttimes k . Thatis,�"! � ! k #�#~� � ! k #�� < �"! �~#�� p �k � { � ! k #{ k ( (13)

To solvethisstaticmethodrequiresconstructinga
�

thatsatisfiesequation13. Thisis aboundaryvalueproblem,
which can be solved somewhat efficiently startingwith a single surfaceusing the fast marchingmethodof
Sethian[12]. This representationhassomesignificantlimitations, however, because(by definition) a surface
cannotpassbackover itself over time, i.e.,motionsmustbestrictly monotonic— inwardor outward.

Dynamic: Theapproachis to usea one-parameterfamilyof embeddings,i.e.,
�"! � ��k # changesover time, � remains

on the � level setof
�

asit moves,and � remainsconstant.Thebehavior of
�

is obtainedby settingthe total
derivativeof

��! � ! k # ��k #~� � to zero.Thus,�"! � ! k # ��k #~� � � p �p k ��G < � � {��{ k ( (14)

This approachcanaccommodatemodelsthatmove forwardandbackwardandcrossbackover their own paths
(over time). However, to solve this requiressolvingtheinitial valueproblem(usingfinite forwarddifferences)



on
��! � ��k # — apotentiallylargecomputationalburden.Theremainderof thisdiscussionfocusesonthedynamic

case,becauseof its superiorflexibility .

All surfacemovementsdependon positionandgeometry, andthe level-setgeometryis expressedin termsof the
differentialstructureof

�
. Thereforethe dynamicformulationfrom equation14 givesa generalform of the partial

differentialequationon
�
: p �p k ��G < � � {��{ k ��G < � �4u ! � ��� � ��� A � �=(N(=( # � (15)

where :�� � is thesetof order- � derivativesof
�

evaluatedat � . Becausethis relationshipappliesto every level-setof�
, i.e. all valuesof � , thisequationcanbeappliedto all of

�
, andthereforethemovementsof all thelevel-setsurfaces

embeddedin
�

canbecalculatedfrom Equation15.
Thelevel-setrepresentationhasanumberof practicalandtheoreticaladvantagesoverconventionalsurfacemodels,

especiallyin thecontext of deformationandsegmentation.First, level-setmodelsaretopologicallyflexible, they can
easily representcomplicatedsurfaceshapesthat can, in turn, form holes,split to form multiple objects,or merge
with otherobjectsto form a singlestructure.Thesemodelscanincorporatemany (millions) of degreesof freedom,
andthereforethey canaccommodatecomplex shapes.Indeed,theshapesformedby the level setsof

�
arerestricted

only by theresolutionof thesampling.Thus,thereis no needto reparameterizethemodelasit undergoessignificant
deformations.

Such level-setmethodsare well documentedin the literature[11, 13] for applicationssuchas computational
physics[14], imageprocessing[15, 16], computervision [17, 18], medicalimageanalysis[19, 18], and3D recon-
struction[20, 21]. For instance,in computationalphysicslevel-setmethodsareaapowerful tool for modelingmoving
interfacesbetweendifferentmaterials(seeOsherandFedkiw[14] for aniceoverview of recentresults).Examplesare
water-air andwater-oil. In suchcases,level-setmethodscanbeusedto computedeformationsthatminimizesurface
areawhile preservingvolumesfor materialsthatsplit andmerge in arbitraryways. The methodcanbe extendedto
multiple,non-overlappingobjects.

Level-setmethodshavealsobeenshownto beeffectivein extractingsurfacestructuresfrom biologicalandmedical
data. For instanceMalladi et al. [18] proposea methodin which the level-setsform an expandingor contracting
contourwhichtendsto “cling” to interestingfeaturesin 2D angiograms.At thesametimethecontouris alsoinfluenced
by its own curvature,and thereforeremainssmooth. Whitaker et al. [19, 22] have shown that level setscan be
usedto simulateconventionaldeformablesurfacemodels,anddemonstratedthis by extractingskin andtumorsfrom
thick-sliced(e.g. clinical) MR data,and by reconstructinga fetal facefrom 3D ultrasound. A variety of authors
[23, 24, 16, 25] have presentedvariationson themethodandpresentedresultsfor 2D and3D data.Sethian[8] gives
severalexamplesof level-setcurvesandsurfacefor segmentingCT andMR data.

5.1 Deformation Modes

In the caseof parametricsurfaces,onecanchoosefrom a variety of differentexpressionsto constructan evolution
equationthatis appropriatefor aparticularapplication.For eachof thoseparametricexpressions,thereis acorrespond-
ing expressionthatcanbeformulatedon

�
, thevolumein which thelevel-setmodelsareembedded.In constructing

evolutionson levels sets,therecanbe no referenceto the underlyingsurfaceparameterization(termsdependingong and h in Equations8 through12). This hastwo importantimplications:1) only thosesurfacemovementsthatare
normalto thesurfacearerepresented—any othermovementis equivalentto a reparameterization2) all of thederiva-
tiveswith respectto surfaceparametersg and h mustbeexpressedin termsof invariantsurfacepropertiesthatcanbe
derivedwithout a parameterization.

Considertheterm e rPr S e�sts from equation12. If g9�Ph is anorthonormalparameterization,theeffectof thattermis
basedpurelyonsurfaceshape,notontheparameterization,andtheexpressione rPr S e sts is twice themeancurvature,
H, of thesurface.Thecorrespondinglevel-setformulationis givenby Equation6.

Table1 showsalist of expressionsusedin theevolutionof parameterizedsurfacesandtheirequivalentsfor level-set
representations.Also givenaretheassumptionsabouttheparameterizationthatgiveriseto thelevel-setexpressions.

6 Numerical Methods

By takingthestrategy of embeddingsurfacemodelsin volumes,we haveconvertedequationsthatdescribethemove-
mentof surfacepointsto nonlinear, partialdifferentialequationsdefinedon a volume,which is generallya rectilinear



Effect Parametric Evolution
Level-Set
Evolution

Parameter
Assumptions

1 Externalforce u u�� < � None

2
Expansion/
contraction

w ! �%# m w ! �~#=� < �"! � ��k #=� None

3
Mean

curvature
� r�r S � sts R � < � � Orthonormal

4
Gauss

curvature
� r�r�6 � sts \ � < � � Orthonormal

5 Secondorder
� rPr or

� sts � R���� R A G \E� � < � � Principal
curvatures

Table1: A list of evolution termsfor parametricmodelshasa correspondingexpressionon theembedding,
�
, associ-

atedwith thelevel-setmodels.

grid. The expression���.�� �P� � refersto the � th time stepat position � ���B�@� , which hasan associatedvalue in the 3D
domainof thecontinuousvolume

�"! 
 . ��
 � ��� � # . Thegoalis to solve thedifferentialequationconsistingof termsfrom
Table5.1on thediscretegrid ���.`� ��� � .

The discretizationof theseequationsraisestwo importantissues.First is the availability of accurate,stablenu-
mericalschemesfor solvingtheseequations.Secondis theproblemof computationalcomplexity andthefactthatwe
have converteda surfaceproblemto a volumeproblem,increasingthedimensionalityof thedomainover which the
evolutionequationsmustbesolved.

Thelevel-settermsin Table1 arecombined,basedon theneedsof theapplication,to createa partialdifferential
equationon

�"! � ��k # . The solutionsto theseequationsare computedusingfinite differences.Along the time axis
solutionsareobtainedusingfinite forward differences,beginning with an initial model (i.e., volume)andstepping
sequentiallythroughaseriesof discretetimessteps(whicharedenotedassuperscriptson � ). Thustheupdateequation
is: � � l >.�� �P� ���x� �.�� �P� � S�� k � � �.`� ��� � � (16)

The term � ���.�� �P� � is a discreteapproximationto
p � } p k , which consistsof a weightedsumof termssuchasthosein

Table5.1.Thosetermsmust,in turn,beapproximatedusingfinite differenceson thevolumegrid.

6.1 Up-wind Schemes

The termsin Table1 fall into two basiccategories: the first-orderterms(items1 and2 in Table1) andthe second-
order terms(items3 through5). The first-ordertermsdescribea moving wave front with a space-varying velocity
(expression1) or speed(expression2). Equationsof this form cannotbesolvedwith asimplefinite forwarddifference
scheme.Suchschemestendto overshoot,andthey areunstable.To addressthis issueOsherandSethian[26] have
proposedanup-windscheme.Theup-windmethodreliesonaone-sidedderivativethatlooksin theup-winddirection
of themoving wave front, andtherebyavoidstheover-shootingassociatedwith finite forwarddifferences.

We denotethetypeof discretedifferenceusingsuperscriptson a differenceoperator, i.e., �v� lo� for forwarddiffer-
ences,� ��� � for backwarddifferences,and � for centraldifferences.For instance,differencesin the 
 directionon a
discretegrid, � .`� ��� � , with domain� anduniformspacing  aredefinedas

� � lo�J � .�� �P� � ¡� ! � . l > � �P� � GE� .�� �P� � #�}B  � (17)� ��� �J � .�� �P� � ¡� ! � .`� ��� � GE� . � > � ��� � #P}1  � and (18)� J � .�� �P� � ¡� ! � . l > � �P� � GE� . � > � �P� � #�} ! 3] ¢# � (19)

(20)

wherewehaveleft off thetimesuperscriptfor conciseness.Second-ordertermsarecomputedusingthetightest-fitting
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Figure3: Theup-windnumericalschemeusesone-sidedderivativesto preventovershootingandthecreationof new
level sets.

centraldifferenceoperators.For example,

� J4J � .`� ��� � ¡� ! � . l > � ��� � S � . � > � ��� � GZ31� .`� ��� � #¢}1  A � (21)� L@L � .`� ��� � ¡� ! � .`� ��� � l > S � .`� ��� � � > GZ31� .`� ��� � #¢}1  A � and (22)� JNK � .`� ��� � ¡� � J � K � .�� �P� � (23)

Thediscreteapproximationto the first-ordertermsof in Table5.1 arecomputedusingthe up-windproposedby
Osherand Sethian[11]. This strategy avoids overshootingby approximatingthe gradientof

�
using a one-sided

differencesin thedirectionthat is up-windof themoving level-settherebyensuringthatno new contoursarecreated
in theprocessof updating�'�.`� ��� � (asdepictedin Figure3). Theschemeis separablealongeachaxis(i.e., 
 , 
 , and � ).

ConsiderTerm1 in Table5.1. If weusesuperscriptsto denotethevectorcomponents,i.e.,u ! 
���
���� #%� !`£ � J � ! 
���
���� # � £ � K � ! 
���
���� # � £ � L � ! 
_��
���� #�# � (24)

theup-windcalculationfor a grid point ���.�� �P� � is

u ! 
 . ��
 . ��� . #¤� < �"! 
 . ��
 � �P� � ��k #%¥ ¦§@¨v© J � K � L^ª £ � § � ! 
 . ��
 . ��� . #"« � l§ �'�.`� ��� � £ � § � ! 
 . ��
 . �P� . #­¬�Q� .§ � �.`� ��� � £ � § � ! 
 . ��
 . �P� . #­®�Q (25)

Thetimestepsarelimited—thefastestmoving wave front canmoveonly onegrid unit periteration.Thatis� k u°¯ 2, §@¨v© J � K � LXª²±�³|´ .`� ��� � ¨Bµ �?� < £ � § � ! 
 . ��
 � �P� � #=� & ( (26)

For Term2 in Table5.1thedirectionof themoving surfacedependsonthenormal,andthereforethesameup-wind
strategy is appliedin a slightly differentform.w ! 
 . ��
 � ��� � #N� < �"! 
 . ��
 � ��� � ��k #=�B¥

¦§^¨v© J � K � LXª w ! 
 . ��
 . ��� . # «·¶8¸1¹ A ! � l§ �'�.`� ��� � � Q]# S ¶7ºa» A ! � �§ ���.`� ��� � � Q]#¼w ! 
 . ��
 . �P� . #½¬¾Q¶7ºa» A ! � l§ ���.�� �P� � � Qv# S ¶¿¸1¹ A ! � �§ ���.`� ��� � � Q]#¼w !`À # ! 
 . ��
 . �P� . #­®�Q (27)

Thetimestepsare,again,limited by thefastestmoving wave front:� ktÁ ¯ 2C ±�³|´ .`� ��� � ¨Bµ �?� < w ! 
 . ��
 � ��� � #=� & (28)



Figure4: A level curve of a 2D scalarfield passesthrougha finite setof cells. Only thosegrid pointsnearestto the
level curvearerelevantto theevolutionof thatcurve.

To computeapproximationthe updateto the second-ordertermsin Table5.1 requiresonly centraldifferences.
Thus,themeancurvatureis approximatedas:R �.`� ��� � � 23ÃÂ �W� J � �.�� �P� � � A S �Y� K � �.�� �P� � � A S �Y� L � �.`� ��� � � A=Ä � >�Å Â �W� K � �.`� ��� � � A S �W� L � �.`� ��� � � ANÄ � J4J � �.�� �P� � (29)S Â � � L � �.`� ��� � � A S � � J � �.�� �P� � � A Ä � KXK � �.`� ��� � S Â � � J � �.�� �P� � � A S � � K � �.�� �P� � � A Ä � L@L � �.`� ��� �Gd3B� J � �.�� �P� � � K � �.�� �P� � � J4K � �.`� ��� � GI31� K � �.`� ��� � � L � �.`� ��� � � K=L � �.�� �P� � GZ3B� L � �.`� ��� � � J � �.�� �P� � � L@J � �.�� �P� �4Æ
Suchcurvaturetermscanbecomputingby usinga combinationof forwardandbackwarddifferencesasdescribedin
[27]. In somecasesthis is advantageous—but thedetailsarebeyondthescopeof this paper.

Thetime stepsarelimited, for stability, to � ktÇ ¯ 2È ( (30)

Whencombiningterms,the maximumtime stepsfor eachtermsis scaledby oneover the weightingcoefficient for
thatterm.

6.2 Narr ow-Band Methods

If one is interestedin only a single level set, the formulationdescribedpreviously is not efficient. This is because
solutionsareusuallycomputedover theentiredomainof

�
. Thesolutions,

��! 
_��
'�P����k # describetheevolution of an
embeddedfamily of contours.While this densefamily of solutionsmight be advantageousfor certainapplications,
thereareotherapplicationsthatrequireonly a singlesurfacemodel. In suchapplicationsthecalculationof solutions
over a densefield is an unnecessarycomputationalburden,andthe presenceof contourfamiliescanbe a nuisance
becausefurtherprocessingmight berequiredto extractthelevel setthatis of interest.

Fortunately, the evolution of a single level set,
�"! � ��k #D� � , is not affectedby the choiceof embedding.The

evolution of thelevel setsis suchthat they evolve independently(to within theerror introducedby thediscretegrid).
Furthermore,theevolutionof

�
is importantonly in thevicinity of thatlevel set.Thus,oneshouldperformcalculations

for the evolution of
�

only in a neighborhoodof the surface �����4��� �"! �%#É� �'& . In the discretesetting,thereis a
particularsubsetof grid pointswhosevaluescontrol a particularlevel set (seeFigure4). Of course,asthe surface
moves,thatsubsetof grid pointsmustchangeto accountfor its new position.

AdalsteinsonandSethian[28] proposeanarrow-bandapproachwhich followsthis line of reasoning.Thenarrow-
bandtechniqueconstructsanembeddingof theevolving curveor surfacevia asigneddistancetransform.Thedistance
transformis truncated,i.e,computedoverafinite width of only Ê pointsthatlie within aspecifieddistanceto thelevel
set. The remainingpointsaresetto constantvaluesto indicatethat they do not lie within the narrow band,or tube
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Figure5: Thenarrow bandschemelimits computationto thevicinity of thespecificlevel set.As thelevel-setmoves
neartheedgeof thebandtheprocessis stoppedandthebandrecomputed.

asthey call it. Theevolution of thesurface(they demonstrateit for curvesin the plane)is computedby calculating
theevolution of � only on thesetof grid pointsthatarewithin a fixeddistanceto the initial level set,i.e. within the
narrow band.Whentheevolving level setapproachestheedgeof theband(seeFigure5), they calculateanew distance
transformanda new embedding,andthey repeattheprocess.This algorithmrelieson thefact that theembeddingis
not a critical aspectof theevolution of thelevel set.That is, theembeddingcanbetransformedor recomputedat any
point in time,solongassucha transformationdoesnot changethepositionof the � th level set,andtheevolutionwill
beunaffectedby this changein theembedding.

Despitetheimprovementsin computationtime, thenarrow-bandapproachis notoptimalfor severalreasons.First
it requiresa bandof significantwidth ( Ê��·2�3 in theexamplesof [28]) whereonewould like to have a bandthat is
only aswideasnecessaryto calculatethederivativesof � nearthelevel set(e.g. Ê��-3 ). Thewiderbandis necessary
becausethe narrow-bandalgorithmtradesoff two competingcomputationalcosts. Oneis the costof stoppingthe
evolution andcomputingthepositionof thecurve anddistancetransform(to sub-cellaccuracy) anddeterminingthe
domainof theband.Theotheris thecostof computingtheevolution processover theentireband.Thenarrow-band
methodalsorequiresadditionaltechniques,suchassmoothing,to maintainthestabilityat theboundariesof theband,
wheresomegrid pointsareundergoingtheevolutionandnearbyneighborsarestatic.

6.3 The Sparse-FieldMethod

Thebasicpremiseof thenarrow bandalgorithmis thatcomputingthedistancetransformis socostlythatit cannotbe
doneat every iterationof theevolutionprocess.Thestrategy proposedhereis to useanapproximationto thedistance
transformthatmakesit feasibleto recomputetheneighborhoodof thelevel-setmodelateachtimestep.Computation
of theevolutionequationis computedon a bandof grid pointsthatis only on point wide. Theembeddingis extended
from the active points to a neighborhoodaroundthosepointsthat is preciselythe width neededat eachtime. This
extensionis donevia a fastdistancetransformapproximation.

This approachhasseveral advantages.First, the algorithmdoespreciselythe numberof calculationsneededto



computethenext positionof thelevel curve. It doesnot requireexplicitly recalculatingthepositionsof level setsand
theirdistancetransforms.Becausethenumberof pointsbeingcomputedis sosmall,it is feasibleto usea linked-listto
keeptrackof them.Thus,ateachiterationthealgorithmvisitsonly thosepointsadjacentto the � -level curve. For large
3D datasets,theveryprocessof incrementingacounterandcheckingthestatusof all of thegrid pointsis prohibitive.

Thesparse-fieldalgorithmis analogousto a locomotiveenginethat laysdown tracksbeforeit andpicksthemup
from behind. In this way the numberof computationsincreaseswith the surfaceareaof the modelratherthanthe
resolutionof theembedding.Also, thesparse-fieldapproachidentifiesa singlelevel setwith a specificsetof points
whosevaluescontrol thepositionof that level set. This allows oneto computeexternalforcesto anaccuracy that is
betterthanthe grid spacingof the model,resultingin a modelingsystemthat is moreaccuratefor variouskinds of
“model fitting” applications.

The sparse-fieldalgorithm takesadvantageof the fact that a � -level surface,
�

, of a discreteimage � (of any
dimension)hasa set of cells throughwhich it passes,as shown in Figure 4. The set of grid points adjacentto
the level setis calledthe activeset, andthe individual elementsof this setarecalledactivepoints. As a first-order
approximation,thedistanceof thelevel setfrom thecenterof any activepoint is proportionalto thevalueof � divided
thegradientmagnitudeat thatpoint. Becauseall of thederivatives(up to secondorder)in thisapproacharecomputed
usingnearestneighbordifferences,only theactivepointsandtheirneighborsarerelevantto theevolutionof thelevel-
setatany particulartimein theevolutionprocess.Thestrategy is to computetheevolutiongivenby equation15onthe
active setandthenupdateneighborhoodaroundtheactive setusinga fastdistancetransform.Becauseactive points
mustbeadjacentto the level-setmodel,their positionslie within a fixeddistanceto themodel. Thereforethevalues
of � for locationsin the active setmustlie within a certainrange.Whenactive-pointvaluesmove out of this active
range they areno longeradjacentto themodel.They mustberemovedfrom thesetandothergrid points,thosewhose
valuesaremoving into theactiverange,mustbeaddedto taketheirplace.Thepreciseorderingandexecutionof these
operationsis importantto theoperationof thealgorithm.

Thevaluesof thepointsin theactivesetcanbeupdatedusingtheup-windschemefor first-ordertermsandcentral
differencesfor themean-curvatureflow, asdescribedin theprevioussections.In orderto maintainstability, onemust
updatetheneighborhoodsof activegrid pointsin away thatallowsgrid pointsto enterandleavetheactivesetwithout
thosechangesin statusaffecting their values. Grid pointsshouldbe removed from the active setwhenthey areno
longerthenearestgrid point to thezerocrossing.If we assumethat theembedding� is a discreteapproximationto
thedistancetransformof themodel,thenthedistanceof aparticulargrid point, 
¢Ë � ! � ���B�@� # , to thelevel setis given
by thevalueof � at thatgrid point. If thedistancebetweengrid pointsis definedto beunity, thenwe shouldremove
a point from theactivesetwhenthevalueof � at thatpoint no longerlies in theinterval HÌG >A � >A M (seeFigure6). If the
neighborsof thatpoint maintaintheir distanceof 1, thenthoseneighborswill move into the active rangejust 
 Ë is
readyto beremoved.

Therearetwo operationsthataresignificantto theevolutionof theactiveset.First, thevaluesof � atactivepoints
changefrom oneiteration to the next. Second,as the valuesof active pointspassout of the active rangethey are
removedfrom theactive setandother, neighboringgrid pointsareaddedto theactive setto take their place. In [21]
theauthorgivessomeformaldefinitionsof activesetsandtheoperationsthataffect them,which show thatactivesets
will alwaysform aboundarybetweenpositiveandnegativeregionsin theimage,evenascontrolof thelevel setpasses
from onesetoff activepointsto another.

Becausegrid pointsthatarenearthe active setarekeptat a fixedvaluedifferencefrom the active points,active
pointsserve to control the behavior of non-active grid pointsto which they areadjacent.Theneighborhoodsof the
activesetaredefinedin layers, Í l >��N(=(N( Í l_Î andÍ � >9�=(=(N( Í � Î , wherethe � indicatesthedistance(city blockdistance)
from thenearestactive grid point, andnegative numbersareusedfor theoutsidelayers.For notationalconvenience
theactivesetis denotedÍ~Ï .

Thenumberof layersshouldcoincidewith thesizeof thefootprint or neighborhoodusedto calculatederivatives.
In this way, the insideandoutsidegrid pointsundergo no changesin their valuesthataffect or distort the evolution
of thezeroset. Most of the level-setwork relieson surfacenormalsandcurvature,which requireonly second-order
derivativesof

�
. Second-orderderivativesarecalculatedusinga Cd6ÐCd6ÑC kernel(city-blockdistance2 to thecorners).

Thereforeonly five layersarenecessary(2 insidelayers,2 outsidelayers,andtheactiveset).TheselayersaredenotedÍ > , Í A , Í � > , Í � A , and Í Ï .
Theactivesethasgrid point valuesin therange HÌG >A � >A M . Thevaluesof thegrid pointsin eachneighborhoodlayer

arekept 1 unit from the next layer closestto the active set(asin Figure6). Thusthe valuesof layer Í . fall in the
interval H ��G >A � � S >A M . For 3 F S 2 layers,thevaluesof thegrid pointsthataretotally insideandoutsideare

F S >A
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Figure6: Thestatusof grid pointsandtheirvaluesat two differentpointsin timeshow thatasthezerocrossingmoves,
activity is passedonegrid point to another.

and G F G >A , respectively. Theprocedurefor updatingtheimageandtheactivesetbasedon surfacemovementsis as
follows:

1. For eachactivegrid point, 
 Ë � ! � �Y�]�@� # , do thefollowing:

(a) Calculatethelocalgeometryof thelevel set.

(b) Computethe net changeof � J�� , basedon the internalandexternalforces,usingsomestable(e.g.,up-
wind) numericalschemewherenecessary.

2. For eachactive grid point 
 � add the changeto the grid point valueanddecideif the new value ��� l >J � falls
outsidethe HbG >A � >A M interval. If so,put 
¢Ë on lists of grid pointsthatarechangingstatus,calledthestatuslist;� > or

� � > , for ��� l >J � ¬z2 or ��� l >J � ®zGi2 , respectively.

3. Visit thegrid pointsin thelayersÍ . in theorder �¤� � 2 �N(=(=( � F , andupdatethegrid point valuesbasedon the
values(by addingor subtractingoneunit) of thenext inner layer, Í . � > . If morethanone Í . � > neighborexists
thenusetheneighborthatindicatesa level curveclosestto thatgrid point, i.e.,usethemaximumfor theoutside
layersandminimumfor theinsidelayers.If agrid point in layer Í . hasno Í . � > neighbors,thenit getsdemoted
to Í . ! > , thenext level away from theactiveset.

4. For eachstatuslist
� ! >�� � ! AB�=(N(=(=� � ! Î do thefollowing:

(a) For eachelement
 � on thestatuslist
� . , remove 
 � from thelist Í . � > , andaddit to the Í . list, or, in the

caseof �"� � ! F S 2�# , remove it from all lists.

(b) Add all Í . � > neighborsto the
� ."! > list.

This algorithmcanbe implementedefficiently usinglinked-listdatastructurescombinedwith arraysto storethe
valuesof the grid pointsand their statesasshown in Figure7. This requiresonly thosegrid pointswhosevalues
arechanging,the active pointsandtheir neighbors,to be visited at eachtime step. The computationtime grows asÊ � � > , whereÊ is thenumberof grid pointsalongonedimensionof � (sometimescalledtheresolutionof thediscrete
sampling).Computationtime for dense-fieldapproachincreasesas Ê � . The Ê � � > growth in computationtime for
thesparse-fieldmodelsis consistentwith conventional(parameterized)models,for whichcomputationtimesincrease
with theresolutionof thedomain,ratherthantherange.

Anotherimportantaspectof theperformanceof thesparse-fieldalgorithmis thelargertimestepsthatarepossible.
Thetime stepsarelimited by thespeedof the “f astest”moving level curve, i.e., themaximumof theforce function.
Becausethe sparse-fieldmethodcalculatesthe movementof level setsover a subsetof the image, time stepsare
boundedfrom below by thoseof thedense-fieldcase,i.e.,±�³|´J ¨$#&%�µ !('�! 
 #�# ¯ ±�³|´J ¨Bµ !)'²! 
 #�# � (31)
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Figure7: Linked-listdatastructuresprovide efficient accessto thosegrid pointswith valuesandstatusthatmustbe
updated.

where
'�! 
 # is thespacevaryingspeedfunctionand « is theactiveset.

Resultsfrom previouswork [21] have demonstratedseveral importantaspectsof thesparse-fieldalgorithm.First,
themanipulationsof theactive setandsurroundinglayersallow theactive setto “track” thedeformablesurfaceasit
moves.Theactivesetalwaysdividestheinsideandoutsideof theobjectsit describes(i.e., it staysclosed).Empirical
resultsshow significantincreasesin performancerelative to boththecomputationof full domainandthenarrow-band
method,asproposedin the literature. Empirical resultsalsoshow that the sparse-fieldmethodis aboutasaccurate
as both the full, discretesolution, and the narrow-bandmethod. Finally, becausethe methodpositionslevel sets
to sub-voxel accuracy it avoids aliasingproblemsandis moreaccuratethentheseothermethodswhenit comesto
fitting level-setmodelsto othersurfaces.This sub-voxel accuracy is importantaspectof theimplementation,andwill
significantlyimpactthequality of theresultsfor theapplicationsthatfollow.

7 Applications

This sectiondescribesseveralexamplesof how level-setsurfacemodelscanbeusedto addressproblemsin graphics,
visualization,andcomputervision. Theseexamplesarea small selectionof thoseavailablein the literature. All of
theseexampleswhereimplementedusingthesparse-fieldalgorithmandtheVISPacklibrary, whichis describedin the
sectionthatfollows.

7.1 SurfaceMor phing

This sectionsummarizesthework of [29], which describestheuseof level-setsurfacemodelsto perform3D shape
metamorphosis.Themorphingof 3D surfacesis theprocessof constructinga seriesof 3D modelsthat constitutea
smoothtransitionfrom oneshapeto another(i.e.,ahomotopy). Suchacapabilityis interestingfor creatinganimations
andasatool for geometricmodeling.Thereis notyetasingle,generalmethodfor generatingsuchtransitionalshapes.
However, thereareseveraldesirableaspectsof morphingalgorithmsthatallow usto comparetheadequacy of different
approachesto surfacemorphing.Severaldesirablepropertiesof 3D surfacemorphingare:

1. Thetransitionprocessshouldbegin with an initial surfaceandendwith aspecifiedtargetsurface.

2. Themorphingalgorithmshouldapplyto a wide rangeof shapesandtopologies.



3. Intermediatesurfacesshouldundergocontinuous3D transitions(ratherthancontinuityonly in theimagespace).

4. A 3D morphingalgorithmshouldincorporateuserinputeasilybut shoulddegradegracefullywithout it.

5. Transitionalshapesshoulddependonly on thesurfacegeometryof thetwo input shapesanduserinput.

Theserequirementsarenot exhaustive,but they capturemany of thepracticalaspectsof 3D morphing.
In this sectionwe show how level-setmodelsprovide analgorithmfor 3D morphingwhich meetsmostof these

criteria andcomparefavorably with existing algorithms. Furthermore,this algorithm is a naturalextensionof the
mathematicalprinciplesdiscussedin previoussections.Thestrategy is to allow afree-formdeformationof onesurface
(calledthe initial surface)usingthesigneddistancetransformof a secondsurface(the target surface).This free-form
deformationis combinedwith anunderlyingcoordinatetransformationthatgiveseithera roughglobalalignmentof
thetwo surfaces,or one-to-onerelationshipsbetweena finite setof landmarkson boththeinitial andtargetsurfaces.
Thecoordinatetransformationcanbecomputedautomaticallyor usinguserinput (asin [30]).

Much of the previous 3D morphingwork hasfocusedon morphingparametricmodels[31, 32] andappliesto
only very limited classesof shapesandtopologies.Several authorshave describedvolumetrictechniques.Hughes
[33] demonstrateshow volumescanprovide topologicalflexibility in surfacemorphing. Lerios et al. [30] followed
up with a volume-basedschemewhich incorporatesuserinput via underlyingcoordinatetransformations(a known
generalizationtheimagewarpingtechniquethat is oftenusedin imagemorphing).Neitherof theseapproacheshave
dealtwith thedeeperissueof deformingthelevel setsof avolume,but ratherrely on thepropertiesof theembedding.
PayneandToga[34] aswell asCohen-Oret al. [35] fix theembeddingproblemby usinga signeddistancetransform
to createvolumesfrom surfaces.However, interpolatingdistancetransformscanintroduceartifactsthat violate the
previously statedproperties,andboth of thesemethodsusea discretedistancetransformwhich introducesvolume
aliasing.

7.1.1 Free-Form Deformations

ThedistancetransformgivesthenearestEuclideandistanceto asetof points,curve,or surface.For closedsurfacesin
3D, thesigneddistancetransformgivesa positive distancefor pointsinsideandnegative for pointsoutside(onecan
alsochoosetheoppositesignconvention).

If two connectedshapesoverlapthentheinitial surfacecanexpandor contractusingthedistancetransformof the
target.Thesteadystateof suchadeformationprocessis ashapeconsistingof thezerosetof thedistancetransformof
thetarget.Thatis, theinitial objectbecomesthetarget.This is thebasisof theproposed3D morphingalgorithm.

Let : ! �%# bethesigneddistancetransformof thetargetsurface,¬ , andlet ­ betheinitial surface.Theevolution
processwhich takesa model

�
from ­ to ¬ is definedbyp �p k � m : ! �%# � (32)

where � ! k #�)·� n and � n(®oÏ �¯­ . The free-form deformationscan be combinedwith an underlyingcoordinate
transformation.Thestrategy is to usea coordinatetransformation(for instancea translationandrotation)to position
thetwo surfacesneareachother. Thesetransformationscancapturegrosssimilaritiesin shapeaswell asuserinput.
A coordinatetransformationis givenby �±°¢�³² ! � � 0¤# � (33)

where Q ¯ 0 ¯ 2 parameterizesa continuousfamily of thesetransformationsthat begins with identity, i.e. � �² ! � � Q]# . Theevolutionequationfor a parametricsurfaceisp �p k � m : ! ² ! � � 2�#�# � (34)

andthecorrespondinglevel-setequationispµ´ ! � ��k #p k ��� < ´ ! � ��k #=�1: ! ² ! � � 24#�# ( (35)

This processproducesa seriesof transitionshapes(parameterizedby k ). The coordinatetransformationcanbe
a global rotation,translation,or scaling,or it might be a warping of the underlying3D spaceaswasusedby [30].



Figure8: A 3D modelof a jet thatwasbuilt usingClockworks,aCSGmodelingsystem.

Incorporatinguserinput is importantfor any surfacemorphingtechnique,becausein many casesfinding the best
setof transitionsurfacesdependson context. Only userscanapplysemanticconsiderationsto the transformationof
oneobjectto another. However, this underlyingcoordinatetransformationcan,in general,achieve only somefinite
similarity betweenthe“warped”initial modelandthetarget,andeventhis mayrequirea greatdealof userinput. In
theeventthata useris not ableor willing to defineevery importantcorrespondencebetweentwo objects,someother
methodmust“fill in” thegapsremainingbetweenthe initial andtargetsurface. In [30] they proposealphablending
to achieve thatsmoothtransition—reallyjust a fadingfrom onesurfaceto theother. We areproposingtheuseof the
free-formdeformations,implementedwith level-setmodels,to achieveacontinuoustransitionbetweentheshapesthat
resultfrom theunderlyingcoordinatetransformation.Wehavealsoexperimentedwith waysof automaticallyorienting
andscalingobjects,using3D moments,in orderto achieveasignificantcorrespondencebetweentwo objects.

Figure8 shows a 3D modelof a jet that wasbuilt usingClockworks [36], a CSGmodelingsystem. Lerios et
al. [30] demonstratethetransitionof a jet to a dart,which wasaccomplishedusing37 user-definedcorrespondences,
roughlya hundreduser-definedparameters.Figure9 shows theuseof level-setmodelsto constructa setof transition
surfacesbetweena jet andadart.Thetrianglemeshis extractedfrom thevolumeusingthemethodof marchingcubes
[5]. Theseresultsareobtainedwithoutany userinput. Distancetransformson theCSGmodelsarecomputednearthe
level surfaceusingananalyticaldescriptionandextendedinto thevolumeusinga level-setmethod[37].

The applicationin this sectionshows how level-setmodelsmoving accordingto the first-order term given in
expression2 in Table1 can“fit” otherobjectsby moving with a speedthatdependson thesigneddistancetransform
of the target object. The applicationin the next sectionrelieson expression5 of Table1, a second-orderflow that
dependson theprincipalcurvaturesof thesurfaceitself.

7.2 Filleting and Blending Solid Objects

The constructionof blendingsurfacesis an importanttool in solid modeling. Geometricsolid primitivesandtheir
intersectionsoftenproducesharpcornersor creasesthatareoftennot consistentwith thereal-world objectsthat they
areintendedto represent.Thissectionshowshow blendingcanbedescribedasadeformationprocess,wheresurfaces
move undera geometricflow that canaddor remove materialbasedon local curvatureinformation. The result is a
methodfor solid objectblendingthat doesnot dependon any particularmodelrepresentation.Thusthis methodis
not restrictedto a specificclassof shapesor topologies.Additionally, the resultsareinvariant; they do not depend
on arbitrarychoicesof coordinatesystemsor bases.Theonly requirementis that theblendedobjectsmustbeclosed
surfaceswith someknown inside-outsidefunction.

Surfaceblendingtechniquesaretypically tied very closely to the choiceof geometricprimitives. For instance,
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Figure9: The deformationof the jet to a dart usinga level-setmodelmoving with a speeddefinedby the signed
distancetransformof thetargetobject.



Middleditch andSears[38] proposea set-theoreticmethodfor blendingsolidswhich relieson low-orderalgebraic
primitives.A fillet at thejoint of two tori requiresthesolutionof adegree32polynomial.BloomenthalandShoemake
[39] proposea modelingsystembasedon convolutions,which relieson a skeletonizedrepresentationof objects. In
generaltheuseof convolution to achievedeformationson implicit shapesresultsin shapesthatreflectboththeshape
of themodelandtheembedding,́ .

Theblendingmethodproposedin thissectionimplementsaninterativesmoothingschemethatsmoothsonly along
thelevel set;thefinal resultis independentof theembedding.Considerthecaseof fillets. We proposethata fillet can
beconstructedfrom a processof “filling in” materialin placesof high curvature.Thecurvatureof a level-setmodel
canbecalculatedfrom theembedding,andthedeformationof the level setis well definedby thecurvaturetermsin
Table1.

Thestrategy is toconstructacurvatureterm, �·¶ , thatconsistsof onlypositivecurvatures.1 Theprincipalcurvatures
of the level setsof

´
arefunctionsof

´
andits derivatives.For a specific

´
theprincipalcurvaturesarefunctionsof

3-space�?> ! �%# and �BA ! �%# . For addingmaterialthejoint betweentwo objects,we consideronly thepositive curvature
components,i.e., p¸´p k ��� < ´ � �·¶ ��� < ´ � � l> S � < ´ � � lA � (36)

where� l consistsof only thepositivepartsof � andis definedaszeroelsewhere.Becausetheuseof separatecurvature
termscancauseover-shooting,theup-windscheme(treating�·¶ asaspace-varyingvelocity in thenormaldirection)is
usedfor this evolution.

Figure10 showshow thepositive-curvatureflow canbeusedto constructfillets. No knowledgeof theunderlying
modelsis necessary. Thefillets grow largerasmoretime passes.Thephysicalextentor positionof thefillet canbe
controlledby eitherspecifyinga region of actionor by placinga small blob of deformablematerialin the joint that
requiresa fillet. Figure11 shows how sucha blendingcapabilitycanbe useful in animation. In this casea pair of
superquadricsundergo a rigid transformationthatcontrolstheir relative positions.Level-setmodelswith a positive-
curvatureflow are usedto createa smoothjoint betweenthesetwo primitives. Notice that the positive curvature
methoddoesnot suffer from thegrowth or expansionartifactsthatareoftenassociatedwith distance-basedblending
methods[40].

Thus,asecond-orderflow cancreatesmoothblendsbetweenobjectsin awaythatdoesnot requirespecificknowl-
edgeof theshapesor topologiesof theobjectinvolved. Theapplicationin thenext section,3D scenereconstruction,
showshow acombinationof first-orderandsecond-ordertermsfrom Table1 arecombinedto createtechniquethatfits
modelsto datawhile maintainingcertainsmoothnessconstraintsandtherebyoffsettingtheeffectsof noise.

7.3 3D Reconstructionfr om Multiple RangeMaps

Level-setmodelsareusefulfor problemsrelatedto 3D reconstruction.Previouswork haspresentedlevel-setresults
derivedfrom noisy3D datasuchasMRI [19] andultrasound[41]. In [42] we have shown how thereconstructionof
objectsfrom multiple rangemapscanbe formulatedasa problemof finding thesurfacethatoptimizestheposterior
probability given a setof measurements(noisy rangemaps)andsomeinformationaboutthe a-priori probability of
differentkindsof surfaces.Thatoptimizationproblemcanbeexpressedasavolumeintegralwhichcanbesolvedwith
level-setmodels.This sectionpresentsthemathematicalexpressionsthatresultfrom thoseformulationsandpresents
somenew results:thereconstructionof entirescenesby fitting level-setmodelsto thedatafrom a scanningLADAR
(laserranginganddetection)system.

A rangemapis acollectionof rangemeasurementstakenalongdifferentdirections(linesof sight)but from asingle
pointof view. Rangemapscouldcomefrom any numberof differentsourcesincludinglaserscanners,structuredlight
depthsystems,shapefrom stereo,or shapefrom motion. We assumethat suchrangemapsarenoisyanduncertain.
Thegoal is to combinea numberof rangemapsfrom differentpointsof view to createa 3D structurethatreflectsthe
collectiveconfidenceanddepthmeasures.

Severalexamplesin theliteraturehave appliedparametricmodelsto this task.Turk andLevoy [43], for instance,
“zip” togethertrianglemeshesin order to construct3D objectsfrom sequencesof rangemapsfrom a laserrange
finder. They performminor adjustmentsto the surfaceposition in orderaccountfor ambiguity in the rangemaps.
Their approachassumesvery little noisein theinput, which is reasonablegiventhehigh quality of their rangemaps.
Chenand Medioni [44] usea parametric(triangle mesh)model which expandsinside a sequenceof rangemaps.

1Thesignof curvatureis definedby thedirectionof thenormals—in this work normalspoint into thevolumeenclosedby theobject.



(a) (b)

(c) (d)

Figure10: Two rectangularsolidmodelsarejoinedby avolumetricfillet thatis createdfrom apositivecurvatureflow.



(a) (b)

(c) (d)

(e) (f)

Figure11: A shortanimationis createdby specifyingtherelativemotionbetweentwo superquadriccomponentsof an
object.A positive-curvatureflow (appliedframeby frameto thejoint betweenthetwo 3D models)createsa smooth,
flexible object.



CurlessandLevoy [45] describea volume-basedtechniquefor combiningrangedata. They usethe signeddistance
transformto encodevolume elementswith datathat representthe averages(with someallowancefor outliers) of
multiple measurements.Surfacesof objectsarethe level setsof volumes.Relatedapproachesaregiven in [46, 47].
Bajaj et. al. [48] usea Delaunaytriangulationto imposea topologyon a setof unordered3D pointsandthenfit
trivariateBernstein-Bezierpatches—i.e.a higher-order implicit model—tothe data. Muraki [2] usesimplicit or
blobbymodelsto reconstructobjectsfrom rangedata.The individual blobsaresphericallysymmetric3D potentials
thatarecombinedlinearly so that they blendtogether. The resultingmodels,with approximately400primitivesare
quitecoarse.

This work differs from previous work in two ways. First, ratherthanheuristics,our reconstructionstrategy is
basedon a strategy that solvesfor the optimal surfaceestimate.This optimal estimateincludesinformationabout
one’s expectationsof the likelihoodof differentsurfaces. The result is not a closed-formsolution,but an iterative
processthatseeksto fit a level-setmodelto thedatawhile enforcinga kind of smoothnesson thedata.

7.3.1 Objective function for multiple range maps

Theevolutionequationfor theestimationof optimalsurfacesis shown in [42] to consistof two parts:p �p k ��G�w ! �%# m Sº¹ ! �½# ( (37)

Thisfirst part, G�w ! �%# m , is thedataterm,which is a movementwith variablespeed(asin expression2 from Table1)
that is thecumulative effect from all of the individual rangemaps.Thesecondpart is theprior, which describesthe
likelihoodof thesurfaceindependentof thedata.Thedatatermis

w ! �%#~�/¦ � » � � � ! �%#¤: � � � ! �%#½¼ Â : � . � ! �%# Ä¿¾ � � � ! �%# � (38)

where : � is thesigneddistancealongtheline of sight from a rangemeasurementin rangemap � associatedpassing
through � . Thefunction ¼ �?� 	��� � 	

is a windowing functionthat limits thepenaltyof any onerangemeasurement,
and » ! � # is a confidencefunction, which is inverselyproportionalto the level of noisein the rangemeasurement
associatedwith thesameline of sight. Theterm

¾ ! � # is anintegrationconstantthat takesinto accountthecurvilinear
coordinatesystemof therangescanner.

Thus, a set of rangemapscreatesa scalarfunction of 3D, which describesthe movementof a surfacemodel
as it seeksthe optimal surfaceposition. In the absenceof a prior, ¹ � Q , the zerosetof this function is the final
position(steadystate)of thatevolving surface.Thus,in theabsenceof a prior, onecouldsample

'�! �%# andobtainan
approximationto theoptimalsurfaceestimate.Thisstrategy resultsin analgorithmthatis verymuchlike thatof [45].

Thereareseveralreasonsfor goingto aniterativeschemefor finding optimalsolutions.First is theuseof a prior.
In surfacereconstruction,evena very low level of noisecandegradethequality of therenderedsurfacesin thefinal
result,andin suchcasesbetterreconstructionscanbeobtainedby introducingaprior. Secondis aliasing.Discretizing'²! �%# andfinding thezerocrossingswill causealiasingin thoseplaceswherethe transitionfrom positive to negative
is particularlysteep.A deformablemodelcanplacethesurfacemuchmoreprecisely. The third reasonfor going to
an iterative schemeis that despitethe windowing function ¼ ! �%# thereis interferencebetweendifferentrangemaps
at placesof high curvature. This problemis addressedby introducinga nonlinearitywhich is solved in an iterative
schemegivenby equation37. In thework describedin [21], thesolutionof the linearproblem,thezerosetof

'²! �%# ,
servesastheinitial estimatefor thenonlinear, iterative optimizationstrategy thatresultsfrom theinclusionof a prior
andanonlineartermthatcompensatesfor lackof any explicit modelof selfocclusions.

Equation37 includesa prior, which is a likelihoodfunctionon surfaceshape.A reasonablechoiceof prior is one
thatmodelsobjectswith lesssurfaceareaasmorelikely thanobjectswith moresurfacearea.Alternatively, onecould
saythatgivena setof surfacesthatarenearthedata,thealgorithmshouldchoosea surfacethathaslessarea.Often,
but notalways,thiswill bethesmoothersurface.The ¹ ! �­# thatresultsfrom thisprior is themeancurvature.Therefore
theevolution of thesurface,usingthelevel-setformulation,thatseeksto maximizetheposteriorprobability(givena
setof rangemapsandaprior thatpenalizessurfacearea)ispµ´ ! � ��k #p k ��� < ´ ! �~#N��¦ � À : � � � ! �%#Á¼ Â : � . � ! �%# Ä 6 ¾ � � � ! �%# » � � � ! �%# � < ´ � ; � � � ! �%# � l< ´ � ; � � � ! �%#ÃÂ SºÄ R � (39)



(a) (b)

Figure12: Rangemaps:Syntheticrangedata2006 200pixelswith 20%Gaussianwhite noiseof a torusend(a) and
side(b).

(a) (b) (c)

Figure13: (a) An analytically-definedmodelof a torus. (b) An initial model(80 6 80 6 40 voxels) is constructedby
combiningsix pointsof view of a torusandsolvingfor

'²! �%#$�-Q . (c) Themodel,which is attractedto therangedata
but subjectto internalforces,evolvesandsettlesinto a smoothersteadystate.

where ; � � � ! �%# is theline of sight from a rangefinderto a 3D point, � , Ä is a freeparameterthatcontrolsthelevel of
smoothingin themodel,and

R
is theexpressionfor themeancurvaturegivenin equation6.

Figure 12 shows a pair of simulatedrangemapsconstructedfrom an analyticaldescriptionof a torus. These
2006 200 pixel rangemapsarecorruptedwith additive Gaussiannoisethat hasa standarddeviation of 20% (asa
functionof thesmallerof thetwo radii). Six syntheticnoise-corruptedviewpointsof a torusarecombinedto createa
level-setreconstructionof a torus.Figure13(a)showstheinitial model(80 6 80 6 40voxels)usedfor fitting a level-set
modelsto therangedata.Figure13(b)shows theresultof the level-setmodelsthatuses13(a)asan initial stateand
hasa valueof Ä equalto Q ( Å . The result is a reasonablereconstructionof thenoiselessmodel(Figure13(c))which
combinesthesix pointsof view andthesmoothingfunction.

Figure14(a)shows a rangemaptakenwith the PerceptronmodelP5000,an infra-red,time-of-flight laserrange
finderwith a pan-tilt mechanism.Figure14(b)shows theamplitudesassociatedwith thereturnsignal(an intensity),
and14(c) shows a surfaceplot of the rangemapto demonstratethe degreeof noise(additive andoutliers). Figure
14(d) shows the confidencevaluesassociatedwith thoserangemeasurements.Theseconfidencevaluesarederived
from empiricaldataaboutthe level of noisein the rangefinder (which dependson the returnamplitude),andsome
analysis,from first principles,abouttheeffectsof uncertaintyin the3D positionsof thescansandthemodel— which
resultsin thelowerconfidenceatedgesasdescribedin [42]. We combinedtwelvesuchviews from differentlocations



(a) (b)

(c) (d)

Figure14: (a) Oneof twelve rangemaps(b) The associatedamplitudemap(c) A surfaceplot of the rangedatato
show thelevel of noise.(d) Theconfidencemeasuresassociatedwith thoserangevalues.



in theroomto generatetheresultsthatfollow.
Figure 15(a) shows the initial estimatebasedon the zerocrossingsof

'²! ��# , and15(b) shows the result of 32
iterationswith the prior term andthe correctionfor the surfacenormaldirection. The sizeof the volumeis CBQBQ+62 Å Q�6+245BQ voxels,andtheresolutionis 1.8cm/voxel. Theseresultsshow theability of thestatistically-basedapproach
to overcomethenoisein thescanner, andthey show that the inclusionof iterative,model-fittingschemehelpscreate
moreaccuratereconstructions.Theresolutionof themodelfallsbelow thatof thescans,becauseit waslimited by the
random-access-memoryavailableonourworkstation.Somesmallfeatures,suchasthearmrestsof thechairs,arelost
becauseof theinaccuraciesin theregistrationof theindividual rangemaps.

8 VISPACK

8.1 Intr oduction

VISPACK is a setof C++, object-orientedlibrariesfor imageprocessing,volumeprocessing,andlevel-setsurface
modeling. It consistsof five libraries: Matrix, Image,Volume, Util, and Voxmodel (level-setmodeling). These
librariescanbeusedseparatelyor togetherwhencreatingapplications.

VISPACK incorporateseightbasicdesignattributes.Theseare

Data Handles/Copyon Write: VISPack is anobject-orientedlibrary, andassuchwe allow theobjectsto handle
memorymanagement,andrelieve theprogrammer(in mostcases)from having to worry pointersandthecor-
respondingmemoryallocation/deallocationproblems.For this we usethe datahandleswith a copyon write
protocol. Copy constructorsperforma shallow copy with referencecountinguntil a nonconstoperationon the
underlyingbuffersforcesa deepcopy. Thusdeepcopiesareperformedonly whennecessary, but all memoryis
maintainedby theobjectsandobjectsbehaveas“variables”ratherthanpointers.

Modified Data Hiding: Accessto datain objectsis generallythroughaccessmethods,however, pointersto buffers
for fastimplementationsareavailable.

Templates: VISPackutilizesthetemplatingconstructof C++ virtually throughout.Many of theobjects,including
images,volumes,lists, andarrays,are intendedto supporta wide rangeof datatypes. Thus,via templating
programmerscandefinethepixelsof differentimagesof differenttypes,suchasfloatingpoint,24-bit color, and
16-bit greyscale.

Useof Standard File Formats: WhenappropriateVISPackusesstandardfile formats.We chooseformatsthatare
well known andhave publicly availablelibrariesthat canbe distributedwith our libraries. Thematrix library
usesasimpletext format.Theimagelibrary usesTIFF andFITSfile formats.Becausenostandardformatexists
for saving volumesof datawe do usea rawfile format.

Operator Overloading: Properuseof operatoroverloadinggivesusersa convenientway to executeoperations
on an object. Whencompinedwith the copy-on-write convention,operatoroverloadingallows programmers
to treatmany heavy-weightobjects(e.g. imagesandvolumes)asvariables.For instance,the following code
computesnon-maximaledgesin a on afilteredvolume.

Volume<float> dx, dy, dz;
Volume<float> vol gauss = vol.gauss(0.5);
Volume<float> vol out = (((dx = vol gauss.dx()).power(2)

*vol gauss.dx(2)
+ ((dy = vol gauss.dy()).power(2)*vol gauss.dy(2)
+ ((dz = vol gauss.dz()).power(2)*vol gauss.dz(2)
+ dx*dy*(dx).dy() + dx*dz*(dx).dz())
+ dy*dz*(dy).dz()) )).zeroCrossings()

&& ((dx.power(2) + dy.power(2)) > T*T));



Figure15: (top) The3D reconstructionresultingfrom thezerocrossingsof
'�! ��# givessomeaveraging,but includes

no prior. (bottom)Theresultof 32 iterationswith the iterative schemeincludestheprior andexcludesinfluencesof
dataon surfacesthatfaceaway from thescanner.



8.2 Level-SetSurface-ModelingLibrary

TheLevel-SetSurface-Modeling(LSSM)Library is animplementationof thelevel-settechnique[11, 13] specifically
for deformingsurfacemodelsembeddedin volumes.The implementationusesthe sparse-fieldmethoddescribedin
[20]. The library implementsall of thebasicnumericalalgorithmsandhandlesall of the datastructuresrequiredto
performLSSM. Thestrategy for usingthis library is to subclasstheobjectVoxModel, setsomeparameters,define
a setof simplevirtual functionsthatcontrol thedeformationprocess,initialize themodel,andthendirect themodel
to iteratively deformaccordingto thoseequations.This sectiondescribesthe relationshipbetweenthe mathematics
of previoussectionsandtheVISPacklibrary. Its alsopresentsanexampleof usingVISPacklibararyto do 3D shape
metamorphosisasdescribedin Section7.1.

8.2.1 SurfaceDeformation

The LSSM library allows oneto solve for surfacedeformations,asa function of time, for generallevel-setsurface
movementsof theform:p �p k �x0¤u ! � � m ! �%#�# SÆÄ w ! � � m ! �%#�# m ! �%# S ¾ m ! �%# SºÇÉÈ ! �v> ! �%# �P�]A ! �%#�#�# � (40)

where� is apointon thesurface.Thisequationis solvedby representingthesurfaceasthe � th level setof animplicit
function

�"! � ��k # �1� 	d� 6 � 	dlI���� 	
. Thisgivesp �p k �c0¤u ! � � < � #�#�� < � SÆÄ w ! � � < � #=� < � � S ¾ � < � � SºÇÉÈ ! : � ��� A � # � (41)

where� � and � A � arecollectionsfirst andsecondderivativesof
�
, respectively. Thisequationis solvedonadiscrete

grid usinganup-windschemegradientcalculations,centraldifferencesfor thecurvature,andforwardfinite differences
in time. TheLSSM library usesthesparse-fieldmethoddescribedin Section6.3andin [21].

Thus,theLSSM library offersthefollowing capabilities:

1. Createsaninitial model(with associatedactiveset)from avolume.

2. Calculates� ���.�� �P� � and � k usingvirtual functions(definedby subclasses)thatdescribeu and w , andparameters
(valuessetby thesubclass)0 , Ä ,

¾
, and Ç .

3. Performsanupdateon thevaluesof ���.�� �P� � .
4. Maintainsthelist of active grid pointsandupdatesthe layers aroundthosepointsin orderto maintaina neigh-

borhoodfrom which to calculatesubsequentupdates.

5. Providesaccessto thevolumethatdefines���.`� ��� � andthelinkedlist of activegrid points.

Giventhevolumedefining ���.�� �P� � , onecanthenrely on thefunctionalityof thevolumelibrary for subsequentprocess-
ing, file I/O, or surfaceextraction.

8.2.2 Structur eand Philosophy of the LSSM Library

The library is organized(mostly for easeof development)into a baseclass,LevelSetModel, anda derivedclass,
VoxModel. The baseclassdoesall of the book keepingassociatedwith the active setandsurroundinglayers, the
link lists associatedwith thosesets,andinitializing themodel. Thusit addsandremovesvoxels from the active set
(andsurroundinglayers)in responseto an updateoperation.The baseclassassumesthat the subclassesknow how
to updateindividual voxels. Applicationsarebuilt by subclassingVoxModel andredefininga small setof virtual
functionsthatcontrolthemovementof themodel.

Thesubclass,VoxModel, performsupdateon thegrid pointsin theactive setof theform givenin Equation16,
usingfunctionsu and w andparameters0 , Ä ,

¾
, and Ç . It alsocalculatesthemaximum� k thatensuresstability. Thus

auserwhowishesto performasurfacedeformationusingtheLSSMlibrary, wouldcreatesubclassof VoxModel and
definetheappropriatevirtual functionsandsettheparametersto achievethedesiredbehavior.



8.2.3 The LevelSetModel Object

TheLevelSetModel containsavolumeof values,avolumeof statusflags,fivelists(oneactivelist, two insidelists,
andtwo outsidelists), andthreeparametersthatdeterminetheorigin of thecoordinatesystemform which themodel
performsits calculations.

There are two constructors,LevelSetModel() and LevelSetModel( const VISVolume<float>
&). Thefirst simply initializesthedatastructure,andthesecondalsosetthevaluesof themodelvolume( values)
to the input. Oncethe valueshave beenset,onecancreatean initial volumefrom thosevaluesby calling con-
structLists(), which canalsotake a floating-pointargumentthatcontrolsthescalingof the input relative to a
localdistancetransformnearthezeroset.

Thelist thatkeepstrackof theactive set,called active list, keepstrackof the locationof thosegrid points
andasinglefloating-pointvalue,which storesthechangein their valuesfrom oneiterationto thenext.

Anotherimportantmethodsfor usersof this objectis update(float), which changesthegrey-scalevaluesof
thegrid for theactivesetaccordingto thevaluesstoredin active list, andupdatesthestatusof elementson the
active list aswell asthevaluesandstatusof nearbylayers(2 insideand2 outside).Thefloatingpoint argumentis the
valueof � k from Equation16, andthereturnvalueis themaximumchangethatoccurredon theactive set. Finally,
the methoditerate() calls the virtual methodcalculate change, a virtual function which setsthe values
of � ���.�� �P� � andreturnsthe maximumvalueof � k for stability, andthencallsupdate. For this objectthe function
calculate change performssometrivial (i.e.,useless)operation.

8.2.4 The VoxModel Object

TheVoxModel objectis a subclassof LevelSetModel, andit addthreethingsto thebaseclass.

1. calculate change() is redefinedto implementthesurfacedeformationdescribedin Equation41.

2. Thevirtual functionsaredeclaredfor
£

(calledforce) and w (calledgrow). Thesefunctionsaredefinedto
returnzerofor thisobject.

3. The parametersthat control the relative influence of the various terms are read from file by a routine
load params.

4. A methodrescale(float) is defined,which resamplesthevolumeof grid-pointvaluesinto a new volume
with differentresolutionandredefinesthelists (andtherebythemodel)in this new volume.This methodis for
performingcoarse-to-finedeformationprocedures.

8.3 Example: 3D ShapeMetamorphasis

TheMorph objectallowsoneto constructasequenceof volumesor surfacemeshesusingthe3D shapemetamorphasis
techniquedescribedin Section7.1, which was first proposedby Whitaker and Breen[20]. This techniquerelies
distancetransformsfor boththesourceandtargetobjectsandusesa LSSMsto manipulatetheshapeof thesourceso
thatit coincideswith thetarget.Thesurfacedeformationthatdescribesthis behavior isp �p k � Ä w ! ² ! �¤#�# m ! �%# � (42)

wherew ! �%# is simply thedistancetransform(or somemonotonicfunctionthereof)of thetarget,and ² is acoordinate
transformationthatalignsthesourceandtargetobjects.Thelevel-setformulationof this isp ��! � ��k #p k � Ä w ! ² ! ��#�#�� < � � ( (43)

Themorphingprocessconsistsof severalsteps:

1. Readin distancetransforms(in theform of volumes)for bothsourceandtarget.

2. Initialize theLSSMby fitting it to thezerosetof thesourcedistancetransform.



3. UpdatetheLSSM accordingto Equation43.

4. Save intermediatevolumes/surfacesat regularintervals.

The remainderof this sectionlists the codeandcommentsfor threefiles, morph.h(which declarestheMorph
object),morph.C(which definesthemethods)andmain.C(which performsall of theI/O andusestheMorph object
to constructa sequenceof shapes.

8.4 Mor ph.h

//
// morph.h
//
//

#ifndef iris_morph_h
#define iris_morph_h

#include "voxmodel/voxmodel.h"
#include "matrix/matrix.h"

#define INIT_STATE 0
#define MORPH_STATE 1
//
// This is the morph object. It uses all of the machinery of the base
// class to manipulate level sets. It needs to have an initial volume
// and a final volume (which would typically be the distance transform,
// it might need a 3D transformation, and it needs to redefine the
// virtual function "grow", which takes 6 floats as input, the position
// followed by the normal vectors (all will calculated and passed into
// this method by the base class). It might also have a state, that
// indicates whether or not it’s been initialized.
//
// Functions not defined here should be defined in "morph.C"
//
class Morph: public VoxModel
{

protected:
VISVolume<float> _dist_source;
VISVolume<float> _dist_target;
VISMatrix _transform;

//
// This is the function that is used by the base class to manipulate the
level
// set. You can define it to by anything you want. For this object, it
will
// return a value from the distance transform of the target.
//

virtual float grow(float x, float y, float z,
float nx, float ny, float nz);

// There are two states. In the first state, the model is trying to fit
// to the input data. In this way the models starts by looking just like



// the input data
int _state;

public:

Morph(const Morph& other)
{

_dist_target = other._dist_target;
_initial = other._initial;
_state = MORPH_STATE;
_transform = VISVISMatrix(3, 3);
_transform.identity();

// initialize();
}

Morph(VISVolume<float> init, VISVolume<float> d)
:VoxModel()

{
_dist_target = d;
_initial = init;
_state = MORPH_STATE;
_transform = VISVISMatrix(3, 3);
_transform.identity();

// initialize();
}

void initialize();

// for this object I assume that the transform is just a matrix.
// but it could be anything

void transform(const VISVISMatrix& t)
{ _transform = t;}

const VISVISMatrix& transform()
{ return(_transform);}

void distance(const VISVolume<float> d)
{ _dist_target = d;}
VISVolume<float> distance()
{ return(_dist_target);}

};
#endif

8.5 Mor ph.C

#include "morph.h"
#include "util/geometry.h"
#include "util/mathutil.h"

//
// this is the virtual function, that is the guts of it all.



//

float Morph::grow(float x, float y, float z,
float nx, float ny, float nz)

{

// this says you are in the morph state (things have been initialized)
if (_state == MORPH_STATE)

{
float xx, yy, zz;
VISPoint p(4u);
p.at(0) = x;
p.at(1) = y;
p.at(2) = z;
p.at(3) = 1;
VISPoint p_tmp;

// this is where you could put some other transform.
p_tmp = _transform*p;

xx = p_tmp.x();
yy = p_tmp.y();
zz = p_tmp.z();

// make sure you are not out of the bounds
// of your distance volume.
if (_dist_target.checkBounds(xx, yy, zz))

// if not, get the distance (use trilinear interpolation).
return(_dist_target.interp(xx, yy, zz));

else
return(0.0f);

}
else

{
// if you are still initializing, then move toward the zero set of
// your initial case
if (_initial.checkBounds(x, y, z))

return(_initial.interp(x, y, z));
else

return(0.0f);
}

}

// this makes the model look like the input.
#define INIT_ITERATIONS 5
void Morph::initialize()
{

_values = _initial;
int state_tmp = _state;
_state = INIT_STATE;
construct_lists(DIFFERENCE_FACTOR);

// these couple of iterations are required to make sure that the zero
// sets of the model match the zero sets of the
//



for (int i = 0; i < INIT_ITERATIONS; i++)
{

// limit the dt to 1.0 so that the model settles in to a solution
update(::min(calculate_change(), 1.0f));

}
_state = state_tmp;

}

8.6 Main.C

#include "vol/volume.h"
#include "vol/volumefile.h"
#include "image/imagefile.h"
#include "morph.h"
#include <string.h>

const int V_HEIGHT = (40);
const int V_WIDTH = (40);
const int V_DEPTH = (40);

#define XY_RADIUS (12) // this matches the 2.5D data generated in
torus.C
#define T_RADIUS (4) // this matches the 2.5D data generated in torus.C
#define S_RADIUS (12) // radius of a sphere

#define B_WIDTH (20.0f)
#define B_HEIGHT (60.0f)
#define B_DEPTH (20.0f)

#define B_CENTER_X (12.0f)
#define B_CENTER_Y (32.0f)
#define B_CENTER_Z (12.0f)

float sphere(unsigned x, unsigned y, unsigned z);
float torus(unsigned x, unsigned y, unsigned z);
float cube(unsigned x, unsigned y, unsigned z);

// This is a program that does the morph. If you give it two
// arguments, it reads the initial model and the dist trans for the
// final model from the two file names given, otherwise, it makes a
sphere
// and deforms it into a torus

main(int argc, char** argv)
{

VISVolume<float> vol_source, vol_target;
VISVolumeFile vol_file;
int i;
char fname[80];



vol_source = VISVolume<float>(25,65,25);
vol_source.evaluate(cube);

if (argc > 2)
{

// read in the sourceing model
vol_source = VISVolume<float>(vol_file.read_float(argv[1]));

// read in the dist trans of the final model
vol_target = VISVolume<float>(vol_file.read_float(argv[2]));

}
else
// make up some volumes

{
vol_source = VISVolume<float>(V_WIDTH, V_HEIGHT, V_DEPTH);
vol_source.evaluate(sphere);
vol_target = VISVolume<float>(V_WIDTH, V_HEIGHT, V_DEPTH);
vol_target.evaluate(torus);

}

// create morph object
Morph morph(vol_source, vol_target);
// loads in some parameters (for morphing these are all zero but one)
// i.e.
//
//
//
//
morph.load_parameters("morph_params");
morph.initialize();
vol_file.write_float(morph.values(), "morph0.flt");

float dt;

// do 150 iterations for your model to get from start to finish
// probably don’t need this many iterations

for (i = 0; i < 150; i++)
{

dt = morph.calculate_change();
// limit dt to 0.5 so that model never overshoots goal
dt = min(dt, 0.5f);
morph.update(dt);

printf("iteration %d dt %f\n", i, dt);

if (((i + 1)%10) == 0)
{

// save every tenth volume
sprintf(fname, "morph_out.%d.dat", i + 1);
vol_file.write_float(morph.values(), fname);

}
}



// save a surface model (i.e. marching cubes).
vol_file.march(0.0f, morph.values(), ‘‘morph_final.iv’’);

printf("done\n");

}
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